Given an odd surjective Galois representation ̺ : G Q → PGL 2 (F 3 ) and a positive integer N, there exists a twisted modular curve X(N, 3) ̺ defined over Q whose rational points classify the quadratic Q-curves of degree N realizing ̺. The paper gives a method to provide an explicit plane quartic model for this curve in the genus-three case N = 5.
Introduction
Let p be an odd prime. The so-called Q-curves (non-CM elliptic curves over Q that are isogenous to all their Galois conjugates) are a source of representations of the absolute Galois group G Q into PGL 2 (F p ). We refer to [FLR02] or [Fer04] for a detailed construction of the odd representation ̺ E,p : G Q → PGL 2 (F p ) arising from the p-torsion of a Q-curve E. It seems natural to ask for the frequency of such representations ̺ E,p among all odd 2-dimensional projective mod p Galois representations. We say that a Q-curve E realizes a given representation ̺ : G Q → PGL 2 (F p ) if ̺ E,p = ̺ up to conjugation in PGL 2 (F p ).
The moduli problem classifying the quadratic Q-curves that realize such a representation ̺ is the subject of the PhD thesis [Fer03] . The problem splits into different cases depending on the value mod p of the eventual degrees N for the isogeny from the Q-curve to its Galois conjugate. For a fixed N, the quadratic Q-curves of degree N realizing ̺ are given by the rational points on some twist of a modular curve. The aim of this paper is to explain a method to obtain good models over Q for some of these twisted curves, namely for those corresponding to the octahedral genus-three case N = 5, p = 3.
In Section 2 we briefly introduce the modular curve X(N, p) and its twists X(N, p) ̺ . We refer to [Fer04] for this section. In Section 3 we give a plane quartic model for X(5, 3) along with an explicit description of the natural map X(5, 3) → X + (5). An algorithm to produce a plane quartic model for X(5, 3) ̺ whenever ̺ is surjective is then explained in Section 4, where the input is given by a degree-four polynomial in Z[X] having the same splitting field as ̺. Finally, in Section 5 we present an example illustrating that all computations can be carried out by any of the available standard algebraic manipulation systems. We also compute by hand some rational points on the resulting quartic model and show that the Chabauty-Coleman method fails to be of use in this case. The authors expect that some other developing techniques to determine the set of all rational points on small genus curves can be applied to the models provided by the method described in the paper.
2 The twisted modular curve X(N, p) ̺ Let N > 1 be an integer prime to p. We denote by X(N, p) the fiber product over X(1) of the modular curves X 0 (N) and X(p). We take for X 0 (N) its canonical model over Q. As for X(p), we fix the rational model attached to a matrix V in PGL 2 (F p ) \ PSL 2 (F p ) of order 2, as a particular case of a general procedure that can be found in Section II.3 of [Lig77] and Section 2 of [Maz77] . Its Q-isomorphism class does not depend on the choice of such a matrix. We denote by W(N, p) the automorphism group of the covering
where X + (N) is the quotient of X 0 (N) by the Atkin-Lehner involution w N . We recall that the rational points on X + (N) yield the isomorphism classes of quadratic Q-curves of degree N up to Galois conjugation.
Assume N to be a non-square mod p. The automorphism group W(N, p) is then canonically isomorphic to PGL 2 (F p ). If we put w for the involution on X(N, p) corresponding through this isomorphism to the above matrix V and identify W(N, p) with its (inner) automorphism group, the Galois action on W(N, p) is given by the morphism
obtained from the mod p cyclotomic character G Q −→ F * p . Suppose that we are now given a surjective Galois representation
with non-cyclotomic determinant. A Q-curve of degree N realizing ̺ must then be defined over the quadratic field attached to the Galois character
For the moduli classification of such Q-curves, we produce a twist of X(N, p) from a certain element in the cohomology set H 1 (G Q , W(N, p)). Specifically, we take the 1-cocycle ξ = ̺ ε, where we view ̺ as a map onto W(N, p) through the above canonical isomorphism:
For the twist of X(N, p) attached to ξ, we fix a rational model X(N, p) ̺ along with an isomorphism Ψ :
We note that the Q-isomorphism class of X(N, p) ̺ is an invariant of the conjugacy class of ̺. In other words, it only depends on the splitting field of ̺, since every automorphism of PGL 2 (F p ) is inner.
Theorem 2.1 There exists a quadratic Q-curve of degree N realizing ̺ if and only if the set of non-cuspidal non-CM rational points on the curve X(N, p) ̺ is nonempty. In this case, the composition
defines a one-to-one correspondence between this set of points and the set of isomorphism classes of quadratic Q-curves of degree N up to Galois conjugation realizing ̺.
Remark 2.1 The genus of X(N, p) is never two, and the only genus-three case appears for N = 5 and p = 3.
3 A plane quartic model for X(5, 3)
The automorphism of the complex upper-half plane given by τ → τ /3 induces an isomorphism Φ :
is the function field of the rational model for X(N, 3) fixed in the previous section. Moreover, the above involution w on X(N, 3) can be chosen to correspond through Φ to the Atkin-Lehner involution w N on X 0 (9N). From now on, we take N = 5 and ease the notation as follows: for a function x ∈ Q (X 0 (45)), a regular differential ω ∈ Ω 1 (X 0 (45)) or an automorphism W ∈ Aut (X 0 (45)), we put x = Φ * (x), ω = Φ * (ω), W = Φ −1 W Φ for the corresponding function, differential or automorphism on X(5, 3).
An equation for
, where J 0 (15) and J 0 (45) new are elliptic curves over Q of conductors 15 and 45, respectively. A basis for the Q-vector space Ω 1 Q (X 0 (45)) is given by
where f 1 and f 2 are the normalized weight-two newforms of levels 15 and 45, respectively:
The genus-three curve X 0 (45) is nonhyperelliptic (see [Ogg74] ), so the image of X 0 (45) under the canonical embedding is the zero locus of a homogenous polynomial P in Q[X, Y, Z] of degree 4. Such a polynomial P, unique up to non-zero rational multiples, satisfies P (ω 1 , ω 2 , ω 3 ) = 0 and can be explicitly determined using the first seventeen Fourier coefficients of each ω i (see Section 2 of [BGGP] ). This yields the following affine equation for X 0 (45) :
where x = ω 1 /ω 3 and y = ω 2 /ω 3 . In particular, Q (X(5, 3)) = Q(x, y).
The group Aut (X 0 (45))
The group Aut (X 0 (45)) is generated by the Atkin-Lehner involutions w 5 , w 9 and the automorphism S induced by the map τ → τ + 1/3 on the complex upperhalf plane (see [KM88] , [LN64] ). The action of these generators on the Q-vector space Ω 1 (X 0 (45)) is displayed in the following table:
It can be easily checked from these relations that Aut (X 0 (45)) has the same order as PGL 2 (F 3 ), so that Aut (X(5, 3)) = W(5, 3) = w 5 , w 9 , S ≃ PGL 2 (F 3 ). Let us also note that Aut Q (X 0 (45)) is the subgroup of Atkin-Lehner involutions, while the automorphism S is defined over the quadratic field Q( √ −3 ) and satisfies ν S = S 2 for the non-trivial automorphism ν ∈ Gal(Q( √ −3 )/Q). In particular, the group w 9 S w 9 is G Q -stable. As a matter of fact, the degree-three covering X 0 (45) −→ X 0 (45)/ w 9 S w 9 is the natural projection X 0 (45) −→ X 0 (15), since the pullback of Ω 1 (X 0 (45)/ w 9 S w 9 ) is ω 1 .
The covering
Consider the composition X 0 (45)
, where π 1 , π 2 and π 3 are the natural projections. We fix for X 0 (45) the model given by equation (1). For X 0 (15), we take the minimal equation
given in [Cre97] , where the functions u, v ∈ Q (X 0 (15)) have a unique pole at the cusp ∞ with respective multiplicities 2 and 3 :
As for the function fields of X 0 (5) and X + (5), we take the following generators over Q, respectively:
where η denotes the Dedekind function on the complex upper-half plane. The field Q(X 0 (5)) is generated over Q(X + (5)) by the elliptic modular function j, and the relation between the functions j and t can be computed by using the procedure described in [GL98] :
The j-invariants of quadratic Q-curves of degree 5 are obtained from this equation by rational values of the function t. Through the above isomorphism Φ, the functions G(3τ ) and t(3τ ) can be viewed inside Q(X (5, 3) ), as the following diagram shows:
In order to give an explicit description of the extension Q (X(5, 3)) /Q (X + (5)) on the left column of the diagram, we begin by recalling that π 1 is in fact the projection X 0 (45) −→ X 0 (45)/ w 9 S w 9 . We now consider the following functions on X 0 (45) :
(−3 + x + 9 y)(3 + x + 9 y) 4 x 2 , V = 9(3 + x 2 + 18 x y + 81 y 2 ) 4 x 3 They are invariant by w 9 S w 9 and satisfy [ Q (X 0 (45)) : Q (U, V ) ] = 3, so they generate the function field of X 0 (15) over Q. Using the q-expansions of the above functions u and v, we obtain the following identities:
By applying Φ * to the resulting expressions of u and v in terms of x, y, that is, by changing x, y, u, v by x, y, u, v, respectively, in the above relations, what we get is a description of the subextension Q (X(5, 3)) /Φ * (Q (X 0 (15))). All we have to do then is to give t as a rational function in u and v. As t(τ ) = t(3τ ), this is equivalent to giving t(3τ ) as a rational function in u and v. Now, G(3τ ) has exactly two poles at the cusps 1/5 and ∞ of X 0 (15) with multiplicities 1 and 3, respectively. Since the function
lies in Q(X 0 (15)) and has divisor 2 (1/5) − 2 (∞), we get H = u + 1. Then, the function (u + 1) G(3τ ) has a unique pole at ∞ (with multiplicity 5), so it must be a polynomial in u and v. Using again the q-expansions of u and v, we obtain
4 A plane quartic model for X(5, 3) ̺
The background strategy in this section is the same as in Subsection 3.1 : a plane quartic model for X(5, 3) ̺ over Q can be theoretically obtained from a basis of the 3-dimensional Q-vector space Ω 1 Q (X(5, 3) ̺ ). So our problem amounts to giving an explicit enough description of this space.
We recall that ̺ stands for any fixed representation of G Q onto PGL 2 (F 3 ) with non-cyclotomic determinant. It is determined by its splitting field L up to conjugation in PGL 2 (F 3 ), and the condition on the determinant amounts to saying that L does not contain √ −3 . Put K = L( √ −3 ) and denote by ν the non-trivial element in Gal(K/L). Since PGL 2 (F 3 ) is isomorphic to the symmetric group S 4 , we can take as input data a quartic polynomial f ∈ Z[X] with splitting field L and identify Gal(L/Q) with S 4 by fixing an order of the roots of f . For convenience, we take as generators for this Galois group the following permutations: , 3) ) ⊗ Q the Galois action twisted by the 1-cocycle ξ obtained from ̺ as in Section 2. It is defined by , 3) ), γ ∈ Q and σ ∈ G Q . This action factors through Gal(K/Q), and the regular differentials on X(5, 3) ̺ defined over Q can be identified via the isomorphism Ψ : X(5, 3) ̺ −→ X(5, 3) with the fixed elements in Ω 1 K (X(5, 3)) :
Moreover, the twisted action of Gal(K/Q) can be restricted to the 6-dimensional , 3) ), for which we take the basis
Recall that ω 1 , ω 2 , ω 3 are the forms in Ω 1 Q (X 0 (45)) introduced in the previous section. The action of the Galois generators σ 1 , σ 2 , σ 3 and ν on this basis is given by the matrices , w 9 , w 5 , respectively.
We must now look for three elements in Ω 3) ) ⊗ L which are linearly independent over Q and invariant by the above Galois action. To that end, we follow the next steps:
First step. Compute a basis for the ring of integers O L .
Second step. Compute the 24 × 24 matrices Σ 1 , Σ 2 , Σ 3 with entries in Z giving the action of σ 1 , σ 2 , σ 3 , respectively, on the integral basis of O L .
Third step. Form the Kronecker products
where Σ 4 stands for the identity matrix Id 24 . Then, compute a basis X ̺ , Y ̺ , Z ̺ for the 3-dimensional vector subspace of Ω
Fourth step. Compute the 3 × 3 matrix Θ with entries in K giving the basis change
Replacing X ̺ , Y ̺ , Z ̺ by projective variables X, Y, Z, plugging then ω 1 , ω 2 , ω 3 in the homogenization of equation (1), and finally factoring out, one gets a plane quartic equation F (X, Y, Z) = 0 for the twist X(5, 3) ̺ over Q.
Remark 4.1 The interest of working with an integral basis of O L instead of just using the power-basis attached to a primitive element of the extension L/Q is due to the fact that one obtains experimentally better models, in the sense of shrinking the set of bad reduction primes for the twisted curve.
Remark 4.2 It can be easily checked that {σ ∈ Gal(K/Q) | σ Ψ = Ψ} = ν σ 3 . Thus, the isomorphism Ψ is defined over K ν σ 3 and the entries of the above matrix Θ belong all to this extension of degree 24. We also have {σ ∈ Gal(K/Q) | σ Ψ Ψ −1 ∈ w 9 S w 9 } = ν σ 3 , σ 2 σ 1 σ 2 , which means that the composition
is defined over a number field of degree 8 which is the compositum of the quadratic field k attached to the character ε det ̺ and the number field L 0 generated by the root of the quartic polynomial f fixed by the permutation σ 2 σ 1 σ 2 .
An explicit example
All the steps in the previous section can be performed using a software package for algebraic manipulation such as Pari or Magma. As an example, we consider the surjective Galois representation ̺ : G Q → PGL 2 (F 3 ) defined up to conjugation by the splitting field of the irreducible polynomial
Since the discriminant of f equals −33 up to squares, the field k over which the quadratic Q-curves realizing ̺ must be defined is Q( √ 11 ) (see Section 2). Note that if the rank of X 0 (15)(k L 0 ) is zero, where L 0 is the quartic number field defined by f (cf. Remark 4.2), then we do not need to compute an equation for X(5, 3) ̺ . Indeed, in this case the values t ∈ X + (5)(Q) obtained from the torsion points of X 0 (15)(k L 0 ) using (3) would provide us with a finite set of candidate Q-curves E, and then it would suffice to check whether ̺ E,3 = ̺ or not for each of them. In our example, this strategy does not apply, since the rank of X 0 (15)(k), which can be computed using Magma V2.11, is one.
The procedure described in the previous section allows us to obtain the following projective model for X(5, 3) ̺ :
We have found four rational points on the line at infinity, namely Let us finish by showing that the Chabauty-Coleman method to determine the set of rational points on a curve of genus at least two cannot be applied to X(5, 3) ̺ for the representation ̺ in this example, since the requirement that the rank of the jacobian J (X(5, 3) ̺ ) be smaller than the genus of the curve is not fulfilled. Indeed, consider the projection X(5, 3) ̺ −→ X 0 (15) in Remark 4.2 and the corresponding images Q 1 , Q 2 , Q 3 , Q 4 in X 0 (15)(k L 0 ) of the above points P 1 , P 2 , P 3 , P 4 . The morphism X(5, 3) ̺ ֒→ J (X(5, 3) ̺ ) , P → (P ) − (P 1 ) is defined over Q and produces three rational points in J (X(5, 3) ̺ ) (Q) whose images in the elliptic curve J 0 (15) are Q 2 − Q 1 , Q 3 − Q 1 and Q 4 − Q 1 . Now, using Magma again, one can compute the 3 × 3 matrix obtained by applying the Néron-Tate pairing < P, Q > = 1 2 (h(P + Q) − h(P ) − h(Q)) over the points Q 2 −Q 1 , Q 3 −Q 1 , Q 4 −Q 1 . An approximation for the determinant of this matrix turns out to be 6.460235. Since it is nonzero, these three points are linearly independent on J 0 (15). It follows that the rank of J (X(5, 3) ̺ ) (Q) is at least three.
